
NASA TN D-266 

TECHNICAL NOTE 
D-266 

ANALYSIS O F  ONE-DIMENSIONAL ION ROCKET 

WITH GRID NEUTRALIZATION 

By Harold Mi re l s  and Bur t  M. Rosenbaum 

Lewis Resea rch  Center  
Cleveland, Ohio 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

WASHINGTON March 1960 

( b A S A - T b - D - 2 6 t )  JHALYSIS GF C A E - C I N E N S J . C Y A L  N64-7C474 
ICh: 6CCKk’ l  h I ? E  GEII: h E C I E B i 1 9 A 3 l C b  
k k  i; 

{bA5A) 

Unclar 
C0129 C15&726  



CONTENTS 

Page 

SUMMJlRY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

ANALYSIS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . .  
Acceleration region Ee 5 E < 0 . . . . . . . . . . . . . . . . .  4 
Deceleration region . < E < En . . . . . . . . . . . . . . . . . .  

Flow Downstream .. Neutralizing G r i d  . . . . . . . . . . . . . . . .  
Thrust. Specific Impulse. and Power Considerations . . . . . . . .  10 

Ion Flow in Acceleration and Deceleration Regions 

Effect of Neutralizing-Grid Location Downstream .. Curve d . . . .  13 

CONCLUDING REMAFXS . . . . . . . . . . . . . . . . . . . . . . . . .  17 

APPENDIXES 

B . ONELDIMENSIONAL CHARGED BEAM WITHOUT CLJRH3NT RENERSAL . . 21 

C . ONE-DIMENSIONAL CHARGED BEAM WITH CURRENT REVERSAL . . . . . .  26 

D . MOMENTUM-INTEGRAL METHOD FOR THRUST E V U m I O N  . . . . . . . .  31 

RFxEmmCEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  37 

FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  39 



NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-266 

ANALYSIS OF ONE-DIMENSIONAL ION ROCKET WITH GRID NEUTRRLIZATION 

By Harold Mirels and Burt M. Rosenbaum 

SUMMARY 

A one-dimensional analysis is made of an ion rocket employing three 
grids. The first grid emits ions, the second accelerates the ions to a 
velocity beyond the desired final value, and the third decelerates the 
ions to the desired final velocity and neutralizes them by the emission 
of electrons. The analysis neglects random thermal motion of the ions 
and electrons. 

The ion beam between the ion emitter and the neutralization grid is 
determined, as is the mixed ion-electron beam downstream of the neutral- 
ization grid. The ion-electron beam is found to have a small-wavelength, 
small-amplitude periodic wave structure. A similar ion-electron-beam 
wave structure may exist upstream of the neutralization grid if this grid 
is relatively far downstream of the accelerating grid. 

The forces on the individual grids and the overall thrust and spe- 
cific impulse of the ion rocket are found using momentum-integral con- 
cepts, which are discussed in an appendix. It is shown that the ion- 
emitting grid can experience only a drag force, the accelerating grid 
can experience a drag or a thrust force, and the neutralizing grid can 
experience only a thrust force. 

The analysis also indicates that the spacing between the accelera- 
tion and neutralization grids does not affect the thrust and specific 
impulse of the ion rocket. In particular, when the spacing between these 
grids is relatively large, electrons move upstream from the neutralizing 
grid and eliminate the tendency toward ion current reversal or excessive 
beam spreading that would otherwise occur. 

INTRODUCTION 

Considerable interest exists in the utilization of ion rockets as 
low-thrust, high-specific-impulse propulsion units for space flight. 
References 1 to 9 are recent examples of mission studies (refs. 1 to 3)  
and of ion-rocket design and performance studies (refs. 4 to 9). 
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2 

The current NASA L e w i s  Research Center program re la t ing  t o  ion- 
rocket design and t e s t ing  i s  outlined i n  reference 4. As par t  of t h a t  
program, theo re t i ca l  one-dimensional analyses have been made concerning 
the acceleration and mixing of ion and electron beams. The r e su l t s  of 
these one-dimensional analyses are  presented herein and in  the  concurrent 
investigation reported i n  reference 10. 

Reference 10 considers the e f f ec t  of thermal motion on ion and 
electron acceleration and deceleration, the neutral izat ion of an ion 
beam b y  mixing with an electron beam, and the  e l e c t r i c a l  breakdown and 
manufacturing tolerance l imitat ions on accelerator design. The advan- 
tages of  using an "accelerate-decelerate" design pr inciple  in ion and 
electron accelerators a re  a l so  discussed (see a l so  re fs .  4, 8, and 9) .  
Reference 10 does not t r e a t  a specif ic  ion-rocket configuration, but 
ra ther  considers the performance of various types and arrangements of 
ion and electron accelerators that may be incorporated in an ion-rocket 
design. 

In the present report  a t ten t ion  i s  focused on a specif ic  one- 
dimensional configuration t h a t  employs the  accelerate-decelerate princi-  
ple  and consists of an ion-emitting grid, an accelerating grid, and a 
decelerating-neutralizing grid. Details of  the resu l t ing  ion-beam and 
electron-ion-beam flows a re  discussed. 
integrated discussion of a basic ion-rocket configuration. 

The object is  t o  give a detailed, 

The application of the  momentum-integral method fo r  computing ion- 
rocket th rus t  is  discussed i n  an appendix and i s  employed in  the  body of 
the report t o  determine overal l  ion-rocket t h rus t  and the forces on the  
individual grids.  
ion or electron beams is  given in other appendixes. 

A general discussion of the behavior of one-dimensional 

The one-dimensional beam solutions presented herein neglect random 
thermal motion. "hat is, it is  assumed t h a t  a l l  the  ions or electrons 
at  a given s t a t ion  have the same velocity. For a mixed electron-ion 
beam the l o c a l  electron veloci ty  d i f f e r s  (in general) from the loca l  
ion velocity. 
reversal, the upstream and downstream moving pa r t i c l e s  have the  same 
l o c a l  speed. 

I n  the case of an electron or ion beam w i t h  current 

ANALYSIS 

The one-dimensional configuration studied herein is  indicated i n  
f igure l(a).  The corresponding voltage var ia t ion v is given i n  f igure 
l ( b ) .  (Symbols a re  defined in  appendix A. ) 
emitted w i t h  essent ia l ly  zero veloci ty  by a g r id  a t  
emitting g r id  is considered t o  be a t  zero voltage so t h a t  the loca l  ion 
velocity at any s ta t ion  i s  proportional t o  0 

Ions a re  assumed t o  be 
+. The ion- 

(appendix B). 
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The ions emitted a t  xe a re  accelerated ( to  a value above the 
desired f i n a l  value) by an accelerating g r id  a t  
x = Xn 
neutral izes  them (by emitting electrons i n  a one-to-one correspondence 
with the oncoming posit ive charges). 
g r id  (i.e., deceleration and neutralization of the  ions), it w i l l  be 
re fer red  t o  as the neutral izat ion grid. Downstream of Xn there  is a 
mixed ion and electron beam (fig.  l ( a ) )  having small-amplitude, s m a l l -  
wavelength cyclic var ia t ions of V w i t h  x (as w i l l  be derived). It i s  
i n i t i a l l y  assumed tha t  the neutralizing g r id  is  suf f ic ien t ly  close t o  
the  accelerating gr id  tha t  V increases monotonically from x = 0 t o  
x = xn 
vents electrons from moving upstream of the  neutralizing grid. 

x = 0. A gr id  a t  
both decelerates the ions ( t o  the desired f i n a l  velocity) and 

Despite the dual ro l e  of the l a t t e r  

as indicated in f igure l (b) .  The resu l t ing  e l e c t r i c  f i e l d  pre- 

In the  following sections, de ta i l s  of the ion beam i n  the acceler- 

The 
at ion (xe 5 x < 0) and deceleration (0 < x < Xn) regions are presented 
assuming tha t  the random thermal motion of the ions i s  negligible. 
mixed ion-electron beam downstream of the neutralizing g r id  is  then 
analyzed. 
t h rus t  and specif ic  impulses are found. 
sented f o r  the  case wherein the  neutralizing gr id  i s  r e l a t ive ly  f a r  
downstream of the  accelerating grid, resul t ing in electrons being pres- 
ent between these grids. 

N e x t ,  expressions f o r  t he  forces on the grids and the overa l l  
Finally, an analysis i s  pre- 

The mks system of measurement i s  used throughout. Subscripts + 
and - are used only when it i s  necessary t o  distinguish between ion 
and electron properties, respectively. 

Ion Flow in Acceleration and Deceleration Regions 

The equations of motion f o r  a one-dimensional ion beam are  inte- 
grated in appendixes B and Cy neglecting random thermal motion. In 
appendix B it i s  assumed t h a t  the ion current i s  in the  +x direct ion 
only, while in appendix C two-way ion currents are considered. These 
solutions were previously derived in reference 11 i n  connection with 
electron vacuum-tube performance and are summarized in other sources 
(such as ref. 12) .  In the present section the r e su l t s  of appendix B 
(i.e., one-way currents) a re  applied t o  discuss the  flow i n  the  acceler- 
a t ion and deceleration regions of t he  ion rocket of figure 1. 

Appendix B u t i l i z e s  the following nondimensional variables fo r  V 
and x, respectively: 

c p = -  V 
VO 
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where 

Here VO i s  the  voltage a t  x = 0, L i s  the  spacing between the  emitter 
and accelerator grids, and j M  i s  the  maximum (space-charge-limited) 
current, which r e su l t s  from an electrode spacing 
ence Vo. Equation (B6), which i s  sometimes referred t o  as  Child 's  law 
( re f .  13), gives the maximum current t h a t  can pass through the ion rocket 
(for given V0,L). Note t h a t  cp = 1 and 5 = 0 at  the  accelerator grid. 

L and voltage d i f f e r -  

Integral  curves of cp against 5 ,  from appendix B, a r e  presented 
in  figure 2 fo r  
type C and type D, a re  noted. Type C i n t eg ra l  curves a re  characterized 
by the  f ac t  t h a t  there  i s  a point (E*,cp*) on each of these curves at  
which cp' = 0. Type D curves do not have t h i s  c r i t i c a l  point. The 
parameters cp* and p a re  used t o  ident i fy  par t icu lar  type C and D 
curves, respectively (see eqs. (B10) fo r  re la t ion  between cp*, P, and 
cpb). In f igure 2, curve a i s  the envelope of the right-hand branches of 
the  type C curves, curve b i s  the  right-hand branch of the in te -  
g r a l  curve, and curve d i s  the  locus of the  minimum points on the type C 
curves. 
(B14), and (B15). 
mirror image of those f o r  
B. 

cp - 7 0. Two types of i n t eg ra l  curves, referred t o  as  

cp* = 0 

Expressions fo r  these curves a re  given by equations (B12), 
The type C and D i n t eg ra l  curves fo r  5 < 0 a re  the 

5 > 0. Further de t a i l s  are given i n  appendix 

The ion flow in the accelerating and decelerating regions of the  
ion rocket can be discussed in terms of the  type C and type D i n t eg ra l  
curves of appendix B. This discussion follows. 

Acceleration region 5, - < 5 < 0. - The value of 5 a t  the  ion- 
emitting g r id  is  

Since 0 < j / jM 5 1, then -1 - < 5, < 0. The voltage and veloci ty  a re  
assumed zero at  t h i s  s ta t ion  so t h a t  

cpe = ve = 0 

All the type D i n t eg ra l  curves and a l so  the  type C 
cp* = 0 a re  possible solutions fo r  t he  accelerator 
(4 >. 

i n t eg ra l  curve f o r  
region (see sketch 
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c 

(4 
For 5, = -1 (i.e.,  j = j M ) ,  t he  ion flow is defined by (from eq. 

(B11) w i t h  cp* = 0) 

cp = (1 + 6) 4/3 (3) 

which i s  Child's r e su l t  (ref.  13). Note t h a t  q ' ,  and therefore the  
e l e c t r i c  f ie ld ,  i s  zero at  5 = -1, which confirms t h a t  equation (3) 
corresponds t o  space-charge-limited current flow. 

For -1 < 5, < 0 (i.e.,  0 < j / j M  < l), the  var ia t ion of cp with 
E i s  (from eq. (B16)) 

The subscript A i s  used for P t o  distinguish type D in tegra l  curves 
in the  acceleration region from type D in tegra l  curves in  the  decelera- 
t i on  region. The re la t ion  between 5, and PA i s  ( l e t t i ng  5 = E, 
and = o in eq. (4)) 

Equations (4) and (5) apply when the  ion emitter i s  emission-limited. 
Note tha t  equation (4) reduces t o  equation (3) f o r  PA = 0. 

Deceleration region 0 < 5 < E,. - The in tegra l  curve describing 
the  ion flow i n  the deceleration region depends on the  voltage and loca- 
t i on  of the neutralizing grid. For the present, it is  assumed t h a t  
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i s  the equation of curve d in f igure 2 (see eq. (B15)). 
neutralizing gr id  is  assumed t o  be su f f i c i en t ly  close t o  the  accelerating 
g r id  so t h a t  
Under these conditions, cp decreases monotonically from cp = 1 at 
E. = 0 t o  cp = ‘pn a t  5 = En. The resu l t ing  e l e c t r i c  f i e l d  prevents 
electrons from moving upstream of the neutral iz ing grid. The bean i n  

That is, the  

is  upstream of curve d (as indicated i n  sketch (b)) .  E., 

Q 

t t; 
c 

the  deceleration region contains only ions, and the  type C and D i n t eg ra l  
curves apply. The case where En is  greater than Ed(%) i s  discussed 
i n  the section preceding CONCLUDING RFMARKS. 

The var ia t ion of E. with cp for type C flows i s  (from eqs. (B11))  

5 - E . * =  (rJrp+ 2 d a d 4 -  + (8) 

where 

E.* = (1 + 2 @ ) d c q F  
For type D flows (from eq. (B16))  

The integral  curve corresponding t o  a given (En,%) is  found by substi-  
t u t ing  (Sn,cp,) in to  equation (8) or (9)  and solving f o r  cp* or  PD. 

Flow Downstream of Neutralizing Grid 

The neutralizing gr id  emits electrons in a one-to-one correspondence 

5, {fig. 1). 
with the  oncoming posit ive charges. A s  a result there is  a mixed 
electron-ion beam downstream of 
analyzed assuming tha t  the  electrons are  emitted with essent ia l ly  zero 

This mixed beam is now 
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veloci ty  and tha t  the electron current i s  space-charge-limited a t  5,. 
It i s  fur ther  assumed t h a t  no electron-ion recombination occurs. Sub- 
s c r i p t s  + and - are used t o  different ia te  ion and electron proper- 
ties, respectively. Quantities such as p and 7 = pq/p, are  posi t ive 
o r  negative f o r  ions o r  electrons, respectively. Similarly, current 
density j = p v 

9 

i s  a signed quantity, the  sign depending on the  sign 
9 

of pq and v. 

> Downstream of the  neutral izat ion grid the ion current j+ equals 
> the  negative of the electron current j- (assuming steady s t a t e ) ,  so tha t  
I 
1 

j+ = bqv)+ = -j- = - b q v >  - (10) 

The veloc i ty  of the ions is  (eqs. (B3) and (B5a)) 

v+ = A/- (114 

Poisson's equation can then be w r i t t e n  

where 

ax2 €oVo 

as  

(45 -@) 
q + .  1 2  6 3 - = - - << 1 
-7- 1835 A. W. 

The symbol represents the number o f  charges per ion (which can be 
taken t o  be l), and A. W. i s  the atomic weight of the ion. For x = 1, 
6 represents the r a t i o  of the mass of an electron t o  tha t  of an ion. 
In  general, 6 i s  very s m a l l .  

z 

Equation (12)  i s  t o  be solved f o r  cp subject t o  the boundary 
conditions 
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where equation (14b) corresponds t o  space-charge-limited electron emission 
from the neutralizing grid. I f  recombination of ions and electrons i s  
considered negligible, j, i s  constant in equation (12) and may be taken 
t o  equal the ion current in the  acceleration and deceleration sections 
of the ion rocket. The neglect of recombination is  later shown t o  be 
valid. 

- 

From physical reasoning it i s  expected t h a t  t he  electron veloci ty  
Fn the beam w i l l  be of the  same order of magnitude as the  ion veloci ty  
at  E,, s o  tha t  (from eq. (11)) 

For 6 small, cp departs only s l i g h t l y  from cpn and a perturbation 
method of solution i s  possible. L e t  

2 = 1 - &D + O(62) 
% 

Introduce the new independent variable 

Substituting equations (16) and (17) in to  equation (12) and neglecting 
terms o f  order 6 compared with 1 yie ld  

(lea) d2@ 1 - = - -  
df2 4 

with the boundary conditions (from eq. (14)) 

Integration o f  equations (18) yields 

Consideration of equations (18a) and (19) shows t h a t  the  curve of 
against is  cyclic having a minimum point a t  CP = 0 and a maximum 
point a t  CP = 4. Integrating equation (19) shows that,  fo r  the  f irst  
ha l f  cycle, 

CP 

t; 
c 
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. 
The var ia t ion  of f w i t h  4, for  the remaining cycles, i s  found by 
symmetry. The curve of 4 against f is indicated i n  sketch (c). 

4 5 

Thus, there i s  a standing wave i n  the  ion-electron beam with a wavelength 

Af = 2J2 x 

which corresponds t o  the physical distance Ax = h given by 

Unless (jdj)+ >> 1, the wavelength h is  small compared with L. For 
current designs, L is  of  the order of 1 centimeter (ref. 4). Thus, the  
assumption of no recombination appears t o  be valid, at  least f o r  several  
periodic var ia t ions of the poten t ia l  (see a lso  ref. 10). 

To the present approximation, the ion velocity, referenced t o  the 
ion veloci ty  a t  Sa, i s  (eqs. ( l l a )  and (16)) 
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Thus, the ions move with essent ia l ly  the  constant veloci ty  ( v + ) ~ .  
odic decreases of ion velocity, from the  (v+), 
The electron velocity, referenced t o  ( v + ) ~ ,  i s  (eqs. (ll), (13), and (16)) 

Pert- 
&. value, a r e  of order 

Since f i  var ies  from 0 t o  2, the  e lectron veloci ty  var ies  per iodical ly  
from a value of zero t o  a value equal t o  twice ( v + ) ~ .  
f ie ld ,  referenced t o  -Vo/L (which is  a measure of the e l e c t r i c  f i e l d  in 
the  accelerator) i s  (from eqs. (16), (17), {19), and (B2)) 

The e l e c t r i c  

f o r  d@/d[ 5 0. The e l e c t r i c  f ie ld ,  as expressed i n  equation (24), i s  
of order @ and is  r e l a t ive ly  small compared w i t h  the e l e c t r i c  f i e l d  
i n  the accelerator. 

Reference 10 considers the case of neutral izat ion by the mixing of 
It was found t h a t  the maximum veloci ty  which electron and ion beams. 

t he  electrons can have, without p a r t i a l  current reversal, is  twice the  
ion velocity. 
beam, obtained previously in reference 10, i s  s i m i l a r  t o  t h a t  presented 
herein, although the  i n i t i a l  conditions and the derivations a re  somewhat 
different.  Reference 10 points out t h a t  the wavelength (of the standing 

The corresponding solution f o r  the mixed ion-electron 

wave i n  the ion-electron beam) ( v + ) ~  divided by 

the electron plasma frequency, 

Thrust, Specific Impulse, and Power Considerations 

The application of the momentum-integral method for evaluating ion- 
rocket th rus t  is discussed in appendix D. The results of that appendix 
a re  now used t o  determine the  overa l l  th rus t  and the forces on the  ion- 
rocket grids. In addition, specif ic  impulse and e l e c t r i c a l  power 
requirements a re  noted. 

The net  react ive force per uni t  cross-sectional area f, developed 
between any two s ta t ions  and xp i n  a one-dimensional charged 
beam, is (eq. (D8)) 

xP  2 

f = [y- - pmvZ]+ ( 2 5 4  

4 
C 

C 
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. 

I 

where x > xa. A posi t ive value of f indicates t h a t  the  force due t o  
the  beam is in the +x ( i . e . ,  drag) direction. 
rocket can be found by taking t o  be upstream of the ion emitter 
( i ts  contribution t o  thrus t  i s  then zero) and taking xP 
stream of the  neutralizing grid. The simplest procedure i s  t o  take 
t o  be on the  downstream side of the neutralizing g r id  so t h a t  
(by assumption, f o r  the present model) and v+ = ( v + ) ~  = d-. 
Equation (25b) then gives (using eq. (B5a)) 

P 
The net th rus t  of an ion 

t o  be down- 

xp E = v- = 0 

as the  ne t  thrust of the  ion rocket. The negative sign indicates t h a t  
the  force is  in the -x (thrust) direction. 
obtained regardless of where w a s  taken, provided it i s  downstream 
of %. 
in the  neutralized beam) i s  (in seconds) 

The same r e s u l t  would be 

The spec i f ic  impulse ( hrust divided by the net  weight-flow r a t e  

2 where g i s  the gravi ta t iona l  acceleration constant (9.807 m/sec ). 
The term 1 +  6 appears so as  t o  include the  weight of the  electrons i n  
the  neutral ized beam and i s  negligible in most cases. 

Equations (26) and (27) indicate f 

For a given mission, there is  usually an optimum value of Is resu l t ing  
in minimum propellant and powerplant weight. This f i x e s  Vn. The value 
of f can be increased (for  a given geometry and a given Vn) by in- 
creasing Vo. The a b i l i t y  t o  vary thrust  and s p c i f i c  impulse of a given 
configuration independently i s  one of the major advantages of the 
accelerate-decelerate cycle (refs.  4, 8, 9, and 10). Another advantage 
i s  t h a t  the  e l e c t r i c  f i e l d  i n  the deceleration region prevents electrons 
from entering the ion accelerator and interfer ing w i t h  ion emission and 
acceleration therein. 

The force on each individual gr id  i s  most e a s i l y  found by taking 
xa and x t o  be inf ini tes imal  distances upstream and downstream of the 
grid, respectively (appendix D). Assuming there  are nei ther  flow nor 
e l e c t r i c a l  forces upstream of +, the  force on the  emitter g r id  i s  
(from eqs. (DlZ) and (B17a)) 

P 
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where 
accelerator, and pa = 0 corresponds t o  a Child's l a w  (rp* = 0, space- 

PA > 0 corresponds t o  type D flows (emission-limited) in the  

charge-limited) acr&eration. 
(from eqs. (D12)  and (B17a)) 

n 

IO 

The force on the  accelerating g r id  i s  

=- f l - f i  Type C (29a) 

=a- 6 Type D (29b 1 

Here types C and D r e fe r  t o  the  in t eg ra l  curve in the  deceleration region. 
The force on the  neutralizing gr id  is (assuming 
downstream side)  

E = v- = 0 on t h e  

where types C and D again refer t o  the  in tegra l  curve in the  deceleration 
region. 
expected. 

The ne t  force on t he  three gr ids  agrees with equation (261, as 

Equations (28) t o  (30) may be of interest fo r  s t ruc tu ra l  design. 
It i s  interesting t o  note t h a t  some of the gr ids  can experience drag 
rather  than thrust .  
a drag force, while the accelerating gr id  can experience a drag force if 
equation (29b) applies and 
experience a thrust force. 

In  particular,  t he  ion e m i t t e r  can experience only 

The neutralizing gr id  w i l l  always pD > PA. 

Impingement of ions on the  accelerator and neutralizing gr ids  w i l l  
result in reduced thrust and specif ic  impulse. 
ion rocket, with ion impingement, can be readi ly  evaluated. Let YO be 
the fraction of t he  emitted ions t h a t  s t r i k e  the  accelerator grid, and 
l e t  
grid. For a given cpn, t he  actual  th rus t  and specif ic  impulse, refer- 
enced t o  the  "no impingement" values, a re  then 

The performance of an 

Yn be the  fract ion of the  emitted ions t h a t  s t r i k e  the  neutralizing 

(Islac 
f I S  = l - Y o -  'n 

fac  - - -  

Ideally, the  only e l e c t r i c a l  power~required i n  the configuration of 
f igure 1 i s  t h a t  required t o  "pump" electrons from the  voltage a t  
t o  t he  voltage a t  xn. 

xe 
This power per uni t  area of the  beam equals 
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1 -  

Thus, there  i s  no cost in e l ec t r i ca l  power associated with the  over- 
acceleration of t he  ions. However, i f  some ions impinge on the  acceler- 
a t ing  grid, a corresponding electron current t o  t h i s  gr id  w i l l  be re- 
quired t o  maintain steady-state conditions. 
(compared with the  no-impingement value) is  then 

The net power required 

- -  - 1 + Y o ( .  - 1) 
P 

mus, s m a l l  values of cpn (i.e.,  large overaccelerations) can result i n  
large additional power requirements unless YO i s  kept small. 

Effect of Neutralizing-Grid Location Downstream of C u r v e  d 

Up till now it has been assumed that t he  neutralizing gr id  is up- 
stream of curve d so t h a t  cp decreases monotonically from the  value 1, 
at  E = 0, t o  the  value (Pn, at  5. = En (sketch (b)). The resul t ing 
e l e c t r i c  f i e l d  prevents electrons from moving upstream of the  neutralizing 
grid. I n  the present section, t he  effect  of locating the  neutralization 
gr id  downstream of curve d i s  considered. 
2 t o  4 indicate tha t  the  in tegra l  curve w i l l  then have a m i n i m u m  point 
upstream of 5, i f  electrons are not present. If the  neutralizing gr id  
e m i t s  electrons, these w i l l  be a t t racted toward the  potent ia l  minimm, 
and the in tegra l  curve between 5 = 0 and E = 5, w i l l  be modified. A 
part icular  solution f o r  t h i s  modified integral  curve i s  presented herein, 
neglecting thermal motions of t he  ions and electrons. 

Appendixes B and C arid f igures  

Consider a neutralizing-grid location and potent ia l  as indicated in 
f igure 5. If no electrons are emitted a t  En, the  in tegra l  curve f o r  
0 < E < w i l l  be a type C in tegra l  curve as indicated in f igure 5(a). 
However, i f  electrons are emitted a t  En, the  in tegra l  curve w i l l  be 
modified. A possible solution fo r  the resul t ing in tegra l  curve is indi-  
cated in f igure 5(b). The ions follow the  type C curve cp* = (Pn from 
6 = o t o  5 = E,d(cpn). From Ed(cpn) t o  there  is  a mixed ion-electron 
beam whose potent ia l  departs only s l igh t ly  from The flow i n  t h i s  
region, Ed(%) < E < En, is  found as follows. 

cpn. 

The neutralizing gr id  e m i t s  a downstream electron current ( 3  )D, 
and an upstream electron current ( j - )  
Note (j,)D is negative while ( j - )u  y's positive. 
( j - ) u  i s  ref lected at  Ed(%) and then proceeds downstream as the elec- 
t ron  current -(j,)u. For steady-state conditions, the  electron and ion 
currents, downstream of En, are equal and opposite so  t h a t  

as indicated i n  f igure 5 ( c ) .  
The upstream current 
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or l 

The electrons a re  assumed t o  be emitted with zero velocity, so  t ha t  the  
ion and electron ve loc i t ies  are, respectively, 

The local charge density i s  then 

where equation (34b) applies only f o r  
t i on  f o r  t h i s  region i s  

Ed(%) < 5 < En. Poisson's equa- 

!et=- pq+ + pq- 
(3x2 €oVo 

where 

The parameter a l i e s  between the  limits 

O < a < 2  - -  

(35 I 

which correspond t o  the  l imit ing values 
Equation (35) can be wri t ten (introducing @ and 5 as defined by equa- 
t i ons  (16) and (17) and neglecting higher-order terms) 

- ( j - )u  = 0 and ( j - ) D  = 0. 
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(37 1 

The boundary conditions at  f = 0 are again taken t o  be 

The boundary condition ( 0 ) ~ ~  = 0 follows from the  def ini t ion of 
and the boundary condition (d#/df)[,O assumes t h a t  the electron emission 
i n  the  upstream direct ion i s  space-charge-limited. 

#, 

Integration of equation (37), w i t h  the  boundazy conditions of equa- 
t i on  (38), gives 

where # is  periodic and var ies  between the  limits 

0 < @ < 4 2  - -  (40) 

L e t  fo  be a value of f f o r  which @ = 0. The var ia t ion of 0 with 
f i s  ( for  half a cycle) 

The remainder of the in tegra l  curve i s  found by symmetry. 
length is  

The wave- 

which corresponds t o  the physical distance Ax 3 h given by 

Comparison with equation (21) shows that  the wavelength is 
t h a t  of the ion-electron beam downstream of 

a times 
5,. 

Since the poten t ia l  and e l e c t r i c  f i e l d  m u s t  be continuous a t  
Ed(cp,), and since the ions w e r e  assumed t o  follow a cp* = 'pn in tegra l  
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curve, it follows t h a t  @ = d@/d( = 0 at  kd(9n). Hence, there  must be 
an integral  number of cycles (denoted by the  integer Ed(vn) N )  between 
and En, o r  

Substituting equation (42) in to  (43) and solving f o r  a give 

Equation (44) gives the  d iscre te  values of 
values of N, which s a t i s f y  the boundary conditions Q = d@/d( = 0 at  

a, corresponding t o  in t eg ra l  

E = Ed(qn) En. 

For a = 2 (Le., (j,),, = 0), a l l  the electron current from the 
kd(cpn), and neutralizing gr id  first moves upstream, i s  re f lec ted  at  

then goes downstream. The flow in the  region kd(Vn) < 5. < En i s  
periodik and has a wavelength h and perturbation amplitude f i  t h a t  
are twice those f o r  5 > 5,. Substi tution of a = 2 in to  equation (44) 
defines the  smallest possible value of 
When a = 1 (i.e., ( j-)D = - ( j - )u) ,  the wavelength and perturbation 
amplitude a re  the same as those f o r  
a t  5, i s  from c i rcu lar  w i r e s ,  it would seem tha t  a should be approx- 
imately 1. a -+ 0 (i.e., (j-)u -+ 0), the  wavelength and 
perturbation amplitude both tend t o  zero. However, regardless of how 
small a is (so long as it i s  not zero), a periodic solution of the 
type indicated in figure 5 w i l l  r e s u l t  (neglecting random thermal 
motions). 

N f o r  a given configuration. 

E > 5,. If the  electron emission 

In the l i m i t  as 

The solution indicated in f igure 5(b) is  applicable regardless of 

0 < 5 < kn) 
how fax 5, i s  downstream of curve d. This modification of the  type C 
or  type B in tegra l  curves (which would otherwise occur in 
i s  beneficial  in t h a t  it probably w i l l  reduce excessive ion-beam spread- 
ing or  ion current reversal .  
of En makes the flow more complex and may make theo re t i ca l  three- 
dimensional designs (designed t o  avoid excessive ion impingement on the  
neutralizing gr id)  more d i f f i cu l t .  For ion rockets employing the  inte- 
gral curve noted in f igure 5(b), the net  th rus t  is  s t i l l  given by equa- 
t i o n  (26). 
ion-emitting and neutralizing grids experience no force. ) 

However, the presence of electrons upstream 

All the  thrust is  exerted on the accelerating grid. (The 
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CONCLUDING REMpw(s 

The one-dimensional analysis indicates t h a t  the  spacing between the 
acceleration and neutralization gr ids  does not a f f ec t  the  thrus t  and 
spec i f ic  impulse of an ion rocket. In  particular,  when the spacing 
between these grids is  r e l a t ive ly  large, electrons move upstream from 
the neutral iz ing g r id  and eliminate the tendency toward ion current 
reversal  or excessive ion-beam spreading t h a t  would otherwise occur. 

k w i s  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, December 9, 1959 

M 



APPEKDIX A 

SYMBOLS 

Units are mks throughout the report. 

magnetic induction 

electric displacement 

electric-field strength 

net force exerted on body 

force per unit area exerted on one-dimensional grids 

magnetic field 

specific impulse 

current density, p v (signed) 

emztted, reflected, and transmitted currents (appendix C) 

space-charge-limited current density, eq. (B6) 

sum of magnitudes of upstream and downstream currents 

upstream and downstream electron currents, respectively, 

Q 

emitted by neutralization grid 

distance between ion emitter and acceleration grid 

integer 

electrical power consumption per unit beam area, eq. (32) 

Maxwell stress tensor, eq. (D2) 

voltage relative to ion emitter 

voltage of acceleration grid 

velocity, positive in +x direction 

body force 
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. 
X 

xi 

'0, 'n 

Z 

a 

P 

6 

EO 

5 

rl 

h 

streamwise distance 

Cartesian coordinates 

upstream and downstream stations, respectively 

f rac t ion  of emitted ions impinging on acceleration and 
neutral izat ion grids, respectively 

current r a t io ,  eq. (36a) 

parameter characterizing type D in t eg ra l  curves, eq. (Blob) 

values of p i n  acceleration and deceleration regions, 
respectively 

perturbation parameter, eq. (13) 

d i e l ec t r i c  constant for a vacuum, 8. 854XL0-12 farad/m 

nondimensional variable f o r  streamwise distance, eq. (17) 

charge-to-mass r a t i o  of a.n electron or  ion, pq/pm (signed) 

wavelength in uni t s  of x 

5 z q l i  nondimensional streamwise distance, 

E* value of 5 a t  minimum point of ty-pe C curve 

'm 

'Q 

mass density, per uni t  volume 

charge density, per unit  volume (signed) 

Q nondimensional voltage perturbation, eq. (16) 

cp nondimensional voltage, V / V ~  

cp* value of cp a t  m i n i m u m  point of ty-pe C curve 

Subscripts : 

a associated with curve a, eq. (B12) 

ac ac tua l  
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b 

d 

e 

i, or j 

i j  

n 

0 

+J - 

associated with curve b, eq. (B14) 

associated with curve a, eq. (B15) 

associated with ion emitter (at 

vector components 1, 2, and 3 

tensor 

associated with neutralizing g r id  (at 

associated with accelerating gr id  (at 

properties associated with ions and electrons, respectively 

xe) 

%) 

x = 0) 

Superscript: 

1 denotes different ia t ion with respect t o  6 
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c 

ONE-DIMENSIONAL CHARGED BEAM WITHOUT (;"T RFVERSAL 

The equations of motion for  a one-dimensional, single-species 
charged beam are integrated herein assuming a l l  t h e  charges move in the  
+x direct ion and neglecting random thermal motions. Flows with current 
reversal  are considered i n  appendix C. The solutions apply equally f o r  
posi t ively or negatively charged beams, and the subscripts + and - 
are therefore omitted. 
reference 11 (see also, ref. 1 2 )  and a re  rederived here t o  f a c i l i t a t e  
discussion. 
ion beam i n  the acceleration and deceleration portions of an ion rocket. 

These solutions have been previously obtained i n  

They are applied in the body of the  report  t o  describe the  

The equations of motion f o r  a one-dimensional charged beam are 

(Bla )  Conservation of charge: Pq" = j 

a Poisson's equation: - = 3 
€0 

dv Momentum equation: p v - = m dx psE 

The voltage i s  re la ted  t o  the e l e c t r i c  f i e l d  by 

av E = - -  
dx 

Since (pq/p,) I 7 
yield (defining V t o  be zero when v = 0) 

i s  a constant, equation (Blc) can k 

v=Ap%y 

integrated t o  

For posit ive ions, 7 i s  posit ive and V i s  negative (or zero). Com- 
bining equations ( B l a ) ,  (Blb), (BZ), and (B3) yields 

which can be integrated t o  f ind  the  variation of V with x. It i s  
convenient first t o  nondimensionalize the dependent and independent 
variables with respect t o  conditions a t  x = 0. 
the variables (cp,E) defined according t o  

Thus, replace (V,x) by 

C p F -  V 
VO 
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where 

The quantity 
current) t ha t  
and a voltage 

j, 
can be obtained with an emitter-accelerator spacing L 
difference Vo. Equation (B6) is  often referred t o  as 

is  the  maximum current (i.e., the  space-charge-limited 

Child's l a w  (ref.  13). Equation (B4) can then be wri t ten 

where the prime indicates different ia t ion with respect t o  5 .  The 
boundary conditions may be taken t o  be 

cp '  (0) = ~6 (given) (B8b 1 
Integration of equation (B7), with the  boundary conditions noted i n  

equation (BB), yields 

Two types of solutions are possible depending on whether the  constant i n  
the brackets of equation (B9) i s  nonnegative o r  negative. The two cases 
are termed type C and type D flows, respectively (in approximate accord- 
ance with the notation of refs. 11 and 12). Thus, introduce the  non- 
negative parameters cp* and j3 such t h a t  

(B lOa)  

(Blob ) 

These parameters can now be used instead of cp' Note t h a t  cp' = 0 
when cp = cp* (from eqs. (B9) and ( B l O a ) ) .  The corresponding value of 
5 i s  denoted by E*. Hence, type C in tegra l  curves are characterized 
by the  fac t  t ha t  there  i s  a point (E*,cp*) on the  curve of against 

0' 

cp 
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5 at which cp '  = 0. There i s  no such c r i t i c a l  point on the type D 
in tegra l  curves. 1 

Equation (B9) can be integrated t o  f ind  analyt ic  expressions fo r  the  
type C and D in tegra l  curves. These curves are  discussed separately. 

Type C Curves 
n 
3 
c Substi tuting cp* in to  equation (B9) and integrating between the 

i Points (E*,cp*) and (5,cp) yield 

5 - E *  = qf i+  2**,47rJFiF E 5 E *  (sua) 
where (since cp = 1 when E = 0) 

Typical type C curves (characterized by the  parameter 
i n  f igure  2 f o r  E 2 0. The curves for 5 < 0 are the mirror image of 
those f o r  5 > 0. Curve a, in f igure 2, i s  the  envelope of the  type C 
curves. The integral curve corresponding t o  a given value of cp* i s  
drawn as a so l id  l i n e  f o r  the portion upstream of i t s  tangency point 
with curve a and i s  drawn as a dash-dot-dash l ine fo r  the  downstream 
portion. 

cp*) are presented 

The reason f o r  t h i s  dist inction w i l l  be noted presently. 

The equation of curve a i s  found by eliminating S *  i n  equation 
( B l l a )  (using eq. (Bllb)) and maximizing 5 with respect t o  (p* holding 
cp constant. The result i s  

The point of tangency f o r  a given type C curve with curve a i s  found 
from 

or 

m 

'This c lass i f ica t ion  of type C and D curves i s  consistent with ref- 
erences 11 and 12 with one exception. Integral  curves f o r  which E *  
i s  negative are included among type C curves herein and are included 
among the  type D curves (characterized by a parameter 
11 and 12.  

a )  i n  references 
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Curve b, in f igure 2, i s  the right-hand branch of the  cp* = 0 curve and 
has the equation (from eq. (Blla) with E *  = 1, cp* = 0 )  

Curve d i s  the locus of the c r i t i c a l  points on the  type C i n t eg ra l  curves 
and i s  given by (from eq. ( B l l b ) )  

J 
The region bounded by curves a and b i s  one f o r  which cp* i s  a 

double-valued function of ( 6 , c p ) .  
each point of t h i s  region. 
from t h i s  region of double-valuedness.) The c i rc led  point i n  f igure 2 
i s  an example. Both the cp* = 0.1 and the cp* = 0.4 in tegra l  curve6 
pass through t h i s  point. cp* = 0.4 
curve i s  so l id  (i.e., it is  upstream of i ts  tangent point with curve a), 
while the  cp* = 0.1 curve is  a dash-dot-dash line (i.e., it is down- 
stream of i t s  tangent point with curve a). 
i f  continuous changes in operating conditions (say, in current)  a re  made 
fo r  a given one-dimensional electrode configuration, s t a r t i ng  from bound- 
ary conditions f o r  which the flow i s  unique, then operation i n  the  double- 
valued region between curves a and b w i l l  always correspond t o  the curve 
with the larger  value of cp*. That is, operation w i l l  be along the so l id  
l i nes  in figure 2, and not along the dash-dot-dash l ines .  
are termed type C overlap curves in  ref.  11.) Further discussion of the 
lack of uniqueness of one-dimensional beam flows i s  given i n  appendix C. 

That i s ,  two type C curves pass through 
(Curve b is  included but curve a i s  excluded 

Note t h a t  at  the c i rc led  point the  

Reference 11 has shown t h a t  

{The l a t t e r  

Ty-pe D Curves 

Substituting equation (Blob) in to  (B9) and integrat ing between the 
l imi t s  (k,cp) and (0,1) yie ld  

These curves a re  a lso plot ted in  f igure 2 for  several  values of p and 

5 _> 0. 
cpt=53I3 4 1/4 . 

For cpb < -4/3, each type D curve terminates a t  cp = 0, where 
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Elec t r ic  Field and Velocity 

The e l e c t r i c  f i e l d  a t  any point on a type C o r  type D curve i s  
found from (eqs. {B2), (E), (Bg), and (B10)) 

(B17a) 

for cp' 3 0. The veloci ty  is  (eqs. (B3) and (B5a))  

v = / q w q  tB17b) 

t 
5 
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APPENDIX c 

0NE-DIMENSION.KL CHKRGED BEAM WITH CURITENT REVERSAL 

In appendix B, one-dimensional single-species charged beam flows 
were considered wherein the  pa r t i c l e s  a l l  moved in the  +x direction. 
It was found tha t  no in t eg ra l  curves exis ted downstream of curve a in  
f i g u r e  2. 
i n  the beam so  t h a t  two-way currents ex i s t  upstream of th i s  s ta t ion.  
Such flows, termed type B flows in reference ll, w i l l  be shown t o  have 
integral  curves tha t  f a l l  downstream of curve a in f igure 2. I n  addi- 
t ion,  an ion-rocket configuration w i l l  be considered where the  neutral-  
iz ing gr id  i s  su f f i c i en t ly  f a r  downstream of the accelerating g r id  t o  
induce ion current reversal  between these two grids. 
the  transmitted ion current w i t h  neutralizing-grid voltage and the  pos- 
s i b i l i t y  of hysteresis  e f f ec t s  and i n s t a b i l i t y  w i l l  be noted. 
discussion w i l l  require t h a t  no electrons be present between the  accel- 
erating and neutralizing gr ids  and i s  applicable only when (1) the  neu- 
t r a l i z ing  gr id  is  not emitting electrons (as may occur in the laboratory 
i n  the course of an experimental development program), or (2) electrons 
a re  prevented from moving upstream of the  neutralizing gr id  (such as by 
using separate deceleration and neutral izat ion gr ids  with the l a t t e r  a t  
a higher voltage than the  former). 

It i s  now assumed tha t  current reversa l  occurs a t  some s t a t ion  

The variat ion of 

The l a t t e r  

Assume a current je is  emitted a t  some gr id  and moves in the  
+x direction. Because of downstream boundary conditions, a v i r t u a l  g r id  
i s  assumed t o  ex i s t  such t h a t  par t  (jr) of the current reverses and par t  
( j t )  i s  transmitted through the  v i r t u a l  gr id  (see sketch (d)) .  

Virtual 1 grid 

C 

For ions, je and j t  a re  posi t ive quant i t ies  while jr  i s  negative. 
From continuity, 
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Assuming the  charged par t ic les  t o  have been emitted with zero veloci ty  
a t  zero voltage, the veloci ty  a t  any point i s  

where the negative sign i s  used fo r  the  ref lected par t ic les .  
charge density upstream of the v i r t u a l  grid is  then 

The t o t a l  

where jtot 3 je + (-jr) i s  the sum o f t h e  magnitudes of the  e m  
re f lec ted  currents. 
v i r t u a l  g r id  then becomes 

Poisson's equation f o r  the  region upstream of the 

Y 

- -  d2V - j t o t  
dx2 - E o & z p  

b .  
; 

Similarly, Poisson's equation fo r  the downstream region of t he  v i r t u a l  
gr id  i s  

Integration of equations (C4), w i t h  suitable boundary conditions, defines 
the flow upstream and downstream of the v i r t u a l  grid. 

As i n  the body of the  report, consider an emitter a t  + and an 

A v i r t u a l  gr id  is  assumed downstream of x = 0 (see sketch (e)). 
accelerating gr id  at  x = 0 with a spacing L and voltage difference 
Vo. 

I I I 
I 

. I 
J Virtual  gr id  
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Assume tha t  the  emitter i s  space-charge-limited so that ,  a t  +, 

where cp = V/Vo. 
t ions  given by equation (C5) and cp = 1 at  x = 0 shows (for  

Integration of equation (C4a) with the  boundary condi- 

-1 - < x/L < 10) 

(csa) 
X ' 3/4 - = - ( 1 - c p  ) L 

This i s  the  Child's l a w  result previously obtained (eq. ( 3 ) ) ,  except t ha t  
the  current 
moving currents. 

jtot = j, i s  the  sum of downstream ( je )  and upstream (- j r )  

A t  the  v i r t u a l  g r id  the veloci ty  and e l e c t r i c  f i e l d  are each zero 
so  tha t  t he  boundary conditions me given by equation ( C 5 ) .  
of equation (C4a) then gives ( for  

Integration 
0 < f < 1) 

- = 1 - c p  X 3/4 (c7 1 L 

showing tha t  the  v i r t u a l  g r id  i s  a t  
image of equation (C6a) (see sketch ( f ) )  and i s  again Child 's  l a w .  

x = L. Equation ( C 7 )  i s  the  mirror 

To f ind the flow downstream of x = L, equation (C4b) i s  integrated 
with the boundary conditions cp = = 0 at  x = L, and the  r e su l t  i s  ax ( for  X/L 3 1) 



29 

kt Z be the  r a t i o  of the transmitted t o  the  emitted current 

z = -  jt 
j e  

Then, from equation (Cl) and the  definit ion of jtot, 

Equation ( C 8 )  can then be writ ten 

- -  X - 1 +  d T  T3/4 
L 

Plots  of equation ( c ~ o ) ,  for  various values of Z, are indicated in 
sketch ( f )  and i n  f igure 3. These curves d i f f e r  in appearance from those 
i n  figure 2 of reference 11, since the abscissa i n  the  latter figure i s  
(x/L) d r n .  

c For a given emitter and accelerator, t he  transmitted current w i l l  
depend on the location and voltage of t h e  neutralizing grid. 
t i on  of % and ‘pn in to  eq. (C10) defines Z and therefore j t . )  
Thus Z = 0.2 for  t he  values of ‘pn and Xn indicated by the square 
data point i n  sketch (f) .  

(Substitu- 

The type B curves represent a valid description of the flow between 
the  accelerating and neutralizing grids of an ion rocket if  the  neutral- 
izing g r id  i s  not emitting electrons. If electrons are emitted they 
w i l l  be a t t rac ted  upstream and w i l l  modify the flow. A par t icular  solu- 
t i o n  of a mixed ion-electron beam, upstream of the  neutralizing grid, i s  
presented i n  the  body o f  the report. 

Figures 2 and 3 indicate that,  when the  ion emitter of an ion rocket 
i s  space-charge-limited (jtot = jM), three different  in tegra l  curves pass 
through each point in the  region between curves a and b (assuming no 
electrons, from the neutralizing grid, are  present). Two are type C 
curves (one of which is a type C overlap curve), and the  t h i r d  i s  a type 
B curve. If the neutralizing gr id  operates in  the  region between curves 
a and b, discontinuous changes i n  transmitted current may occur as the  
neutralizing-grid potent ia l  is  varied. This i s  now discussed (following 
refs .  11 and 1 2 ) .  

Consider a neutralizing gr id  t o  be located a t  xn as indicated i n  
figures 4(a) and (b). 
When cpn equals cpn,1 (point 1 i n  fig.  4), only one in tegra l  curve i s  

The emitter is  assumed t o  be space-charge-limited. 
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possible (cp" = cp?), and a l l  t he  current is  transmitted (i .e. ,  jt/jM = 1 
in f i g .  4(c)) .  When 'pn i s  decreased t o  %,2, two type C curves are 
possible, e i ther  the  type C curve or t he  type C overlap curve 
cp* = 0 (whose branch downstream of 
a l l  current i s  still  transmitted. 
vary continuously (when possible) as cpn is  decreased, then operation 
w i l l  be along cp* = 9;. Similarly, as (pn i s  reduced t o  (pn,3, opera- 
t i on  w i l l  then be along rather  than along the  type C overlap 
curve through point 3. Further reduction of cpn t o  cpn,4 r e su l t s  i n  
operation along cp* = 91. Since point 4 i s  on curve a, 'pn 4 i s  the  
lowest value of Cpn f o r  which operation along a type C curve i s  possible. 
An infinitesimal decrease i n  cpn causes the  in tegra l  curve t o  s h i f t  
discontinuously t o  a type B curve (indicated by 
and only par t  of the  emitted current i s  transmitted (see f ig .  4(.c)). 
Further decreases in  cpn t o  ( P ~ , ~ ,  ( P ~ , ~ ,  and cpn,7 = 0 re su l t  i n  
operation along the  type B curves Z5, z& and Z7 = 0. The correspond- 
ing variation i n  jt is  indicated i n  f igure 4(c). 

cp* = cpz 
x/L = 1 i s  curve b). I n  e i ther  case 

If t he  in t eg ra l  curves are assumed t o  

cp* = 'p; 

J 

Z = Z4 i n  f i g .  4(a)),  

Now consider t he  sequence as cpn is  increased from cp = 0 t o  
Again assuming tha t  the in t eg ra l  curves vary continuously (when 

n, 7 
qn, 2' 
possible) as cpn increases, then operation w i l l  be along the type B 
curves defined by t o  Z2, respectively. The transmitted current 
increases continuously u n t i l  jt/jM = 1 a t  point 2 (fig.  4(c)) .  As 
cpn increases above a discontinuous change from type B t o  type 
C curves occurs with jt = j,. 

Figure 4(c) indicates a hysteresis loop i n  the  var ia t ion of jt/jM 
with cpn. The upper branch of the  hysteresis loop corresponds t o  type C 
operation, while the  lower branch corresponds t o  type B operation. With 
decreasing 
continuously a t  curve a. With increasing cpny t he  change from type B t o  
type C occurs discontinuously a t  curve b. 
t h a t  the in tegra l  curves vary continuously, when possible, as cpn is  
varied, requires t h a t  operation along type B and type C curves i s  s table  
(with respect t o  small disturbances). Otherwise there  may be discon- 
tinuous changes from type B t o  type C (including overlap) operation, and 
vice versa, f o r  any value of cpn i n  t h e  range cpa(%) 5 cpn 5 %(K). 

w i l l  probably correspond t o  t h a t  indicated in figure 5(b) (as discussed 
in  the  body of the  report) .  

'pn, t he  change from type C t o  type B operation occirs  dis-  

The va l id i ty  of the assumption 

If electrons are emitted at  En, t he  flow i n  the  region 0 < 5 < En 
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APPENDIX D 

MOMEXKJM-INTEGRAL METHOD FOR THRUST EVALUATION 

The thrus t  of jet  engines i s  o f t en  evaluated by applying an in tegra l  
form of the  law of conservation of momentum, the  thrus t  of the engine 
being re la ted  t o  the  flux of momentum and surface s t resses  a t  an a rb i t ra ry  
control surface enclosing the engine. 
rocket engines it i s  necessary t o  consider electromagnetic surface 
stresses as w e l l  a s  f l u i d  surface stresses. 
form of t he  momentum conservation law, including these stresses,  i s  well 
known in magnetohydrodynamic studies (e.g., ref. 14) the specif ic  appli- 
cation t o  ion engines does not seem t o  have been discussed exp l i c i t l y  i n  
the  current literature. Therefore, such a discussion i s  undertaken here- 
in. In particular,  the in tegra l  form of the  l a w  of conservation of mo- 
mentum i s  derived for  flows of charged par t ic les  i n  the presence of 
e l e c t r i c  and magnetic fields. The resul t ing expression is  then applied 
t o  f ind  t h e  thrus t  of a one-dimensional ion rocket. 
a re  assumed independent of time; mks units are used. 

When applying t h i s  method t o  ion- 
> 

1 
I Although the appropriate ) 

Local properties 

Let S be a simple closed surface, f ixed in space, and let 7v be 
the enclosed volume (sketch (g)). The l a w  of conservation of momentum 

can be wri t ten 

f 

'S 



assuming steady s ta te ,  neglecting random thermal motion, and assuming t h a t  
a l l  par t ic les  have the same loca l  properties (mass, velocity, charge) a t  
each point i n  the  flow.2 Repeated 
indices are  summed. 
increase of the momentum of the pa r t i c l e s  entering and leaving The 
term on the r igh t  side is  the net electromagnetic body force acting on the  
par t ic les  within (gravi ta t ional  forces are  neglected). The electro-  
magnetic body force per uni t  volume can be expressed a s  the diver- 

Cartesian tensor notation i s  used. 
The le f t  side of equation ( D l )  gives the net r a t e  of 

S. 

X i  
gence of the Maxwell s t r e s s  tensor ( ref .  15). Thus ( for  steady s t a t e ) ,  t 

aT  . . xi = J1 ax 
where 

T j i  = E j D i  + H j B i  - 1 S i j ( E k 4  + Hk%) 
2 

Substituting equation (DZ) into- equation ( D l )  and applying the  divergence 
theorem (assuming X i  i s  regular i n  v )  yield 

1 pmvivj dSj = Tji  dSj (D3 1 

which is an a l te rna t ive  form of the l a w  of conservation of momentum. 

Equation (D3) can be used t o  f ind  the net force on an a rb i t r a ry  
body i n  the presence of charged pa r t i c l e s  and electromagnetic f ie lds .  
Let the control surface S consist  of three parts, namely, an a rb i t r a ry  
surface enclosing the body (SI), a surface taken d i r ec t ly  about the body 
(SI'), and a s l i t  ( S t " )  which connects S'  t o  S". The s l i t  S " '  

'For a multiple-specie stream of par t ic les ,  with N d i s t i n c t  

N 

r=l 

species, the integrands in equation ( D l )  represent the  sums 

m i  j 

where (Pmvivj)r and (Xi)r  a re  the values fo r  the rth specie. Similar 
summations are  required if the pa r t i c l e s  have thermal motion. 
native approach, i n  the  case of thermal motion, is  t o  l e t  pm, vi, and 

X i  
surface s t r e s s  tensor in to  equation ( D l )  (e. g., re f .  14). 

An a l t e r -  

represent l oca l  mean values (sui tably defined) and introduce a f l u i d  
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excludes the  body from the in t e r io r  of S '  (sketch (h)) ,  thereby assuring 
the  regular i ty  of Xi i n  f and permitting application of the  

(h 1 
divergence theorem. 
s = S '  + S" + S " '  gives 

Evaluating equation (D3)  f o r  the surf ace 

L.+sll pmvivj dsj =J,+stt T . .  J 1  ds j (W 

(The net contribution of the  s l i t  S'" is  zero.) But,  t he  net force 
exerted on the  body, denoted by Fi, can be expressed a s  

Y -  z u 

where the minus sign is  required because here 
with respect t o  the body surface (sketch (h) ) .  
the  T j i  term represents the electromagnetic surface stresses on the  
body, and the  pmvivj 
a r e  emitted a t  the surface. 
by the  following surface integration about S '  (from eq. (D4)) :  

dSj is an inward normal 
In the  l a t t e r  expression 

term is the  reaction if  pa r t i c l e s  impinge on o r  
The net  force on the  body can then be found 

Thus the  net force can be found by integrating the  surface stresses and 
the momentum f lux  about an a rb i t r a ry  surface S '  enclosing the  body. 
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For an ion rocket t h a t  does not employ magnetic f ie lds ,  the 
magnetic-field terms i n  equation (D2) can be neglecteL3 Also, 
D i  = €@i, SO t h a t  T j i  becomes 

It can be shown (e.g., ref .  15) t h a t  the resul tant  surface force, 
T i j  dsj, on a surface element dSj, associated with a l oca l  e l e c t r i c  
f i e l d  Ei, is  such tha t  E i  bisects  the  angle between T i j  aSj and 

31t can be shown t h a t  
with an ion beam of f i n i t e  
of radius R undergoing a 
and voltage difference VO 
E i  .., VO/L, 

the self-induced magnetic f ie ld ,  associated 
width, i s  negligible. Consider an ion beam 
Child's law acceleration through a length L 
(sketch (i)). Characterist ic quant i t ies  a re  

vi - d T ,  j i  = pqvi - E ~ . \ / ; V ~  3 y L 2  . The charac te r i s t ic  magnetic f i e l d  

a t  the  edge of the  beam is 
equation 7 X = poj. 
e l ec t r i c - f i e ld  force at  the edge of the beam i s  then 

Bi - pOjiR, which follows from Maxwell's 
The r a t i o  of the  magnetic-field force t o  the  

- 

2 

2 L  
(* )ma pqV X 'B viBi vi R 

elec C 

where c2 = l / p O E O  i s  the  square of the speed of l igh t .  For specif ic  
impulses and geometries of current in te res t ,  the  induced magnetic-field 
e f f ec t s  are negligible. 
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dSj (sketch ( j) ). Thus, if Ei is normal to the surface, the resultant 
force is a tension regardless of the direction of (sketches (k) and 
(m)). If E is parallel to the surface, the resultant force is a 
compression isketch ( 2 )  

Et 

Tij dSj 

&ij Tij dSj 
Ei 

dSi ( e  = oo> 

Substitution of equation (D6) into (D5) gives 

For a one-dimensional beam (E1 # 0, VI # 0, E2 = E3 = v2 = V3 = Hi = 01, 
the force exerted by the fluid between stations (xlla and (Xl)p 1s 

fi = 

where fl is the force per unit cross-sectional area, and ( x ~ ) ~  >z(xl)a. 
The term pmvl represents the local flux of momentum,4 while €$1/2 
represents a tensive surface force, as noted in connection with sketches 
(k) and (m). 

2 

Thus, -€$f/2 is a compressive surface force and 

*For a multiple-specie f l o w  pmv: represents the total flux of 
momentum (e.g., footnote 2). 
energy for the present case of one-dimensional flow. 

This term equals twice the local kinetic 
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corresponds t o  the  pressure term, p, in ordinary one-dimensional f l u i d  
mechanics. The subscript 1 is  superfluous f o r  s t r i c t l y  one-dimensional 
flows and is henceforth omitted. 

It i s  instruct ive t o  f ind  an in t eg ra l  of  equation (Bl). Combining 
equations (Blb) and (Blc) gives 

Integrating, 

€ O - Z - - q  E' J v = const 

o r  

cO E2 - pmv2 = const 

( D l O a )  

( DlOb ) 

Comparison of equation (DlOb) with equation (D8)  shows t h a t  no thrust 
force is  developed between two points on a single in tegra l  curve satis- 
fying equation (Bl). However, i f  gr ids  are permitted, th rus t  can be 
developed; and the  thrus t  arises, i n  fact ,  from forces on these grids. 

The force on a g r id  i s  most ea s i ly  evaluated by taking & and 

xp 
respectively. Thus, t he  force on a g r id  a t  xg is  

t o  be an inf ini tes imal  distance upstream and downstream of  the  grid, 

If no par t ic les  impinge on or originate  a t  the  grid, then 
continuous function of x near xg (since the  potent ia l  V i s  a con- 
tinuous function of 

pmv2 i s  a 

x), and the  force on the  g r id  becomes 

If par t ic les  originate a t  o r  impinge on the  grid, then the f u l l  equation 
(eq. (D11)) must be used. As an example, consider the  force on a con- 
ducting "target" due t o  impingement of an ion beam (sketch (n)) .  
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Station xp does not contribute, since E = v = 0. The force on the  
ta rge t  i s  then 

Both the  loca l  e l e c t r i c  f i e l d  and the local  f lux  of momentum contribute 
t o  (f)xg. 
rocket. The force on the  ta rge t  i s  equal and opposite t o  the ion-rocket 
thrust ,  i f  par t ic les  are not emitted (from the ta rge t )  with s ignif icant  
momentum in the  x direction. 

Such a ta rge t  can be used t o  measure the  thrus t  of an ion 

Equations (D8)  and ( D E )  are used in the  body of the  report  t o  
compute the  overa l l  th rus t  and the  thrust  force on the grids of an ion 
rocket. 
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(a )  G r i d  system. 

V 

(b) Voltage d is t r ibu t ion .  

Figure 1. - One-dimensional ion rocket employing accelerate-decelerate  cycle.  
and are accelerated by g r id  a t  Ions a re  emitted by g r i d  a t  xe 

Grid a t  
neut ra l ize  it. 

x = 0 .  

xn decelerates  ion beam and e m i t s  su f f i c i en t  e lectrons t o  
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4 

(b) In t eg ra l  curves as 'pn increases from zero. 

1 

( c )  Transmitted current  as funct ion of 'pn. 

Figure 4. - I l l u s t r a t i o n  of possible  hys te res i s  e f f ec t s  as neutral-  
i za t ion  g r id  po ten t i a l  'pn i s  varied. It i s  assumed t h a t  ion  
emit ter  i s  space-charge-limited (jtot = jM) and tha t  no electrons 
a re  present.  
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(a)  No electrons upstream of 5,. 
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(b)  Electrons between Ed(cpn)  and E n .  
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( c )  Electron and ion currents corresponding t o  (b ) .  

Figure 5. - Modification of type C curve i n  decelerat ion region 
(0  < 5 < 8,) due t o  presence of e lectrons from neut ra l iz ing  gr id .  
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